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1. Introduction 
Heterogeneity in the experimental material is the most important problem to be reckoned 
within the statistical design of scientific experiments.  As if it is not suitably taken care of, in 
designing of an experiment, is likely to over shadow the real treatment differences making 
them remain undetected, unless they are large enough.  Occasionally, one can find a certain 
factor (called nuisance factor) which, though not of interest to the experimenter, does 
contribute significantly to the variability in the experimental material.  Various levels of this 
factor are used for blocking. Blocking is the technique used to bring about homogeneity of 
experimental units within a block, so that the treatment contrasts are estimated, making use of 
the intra-block information, with higher efficiency. For the experimental situations where 
there is only one nuisance factor, the block designs are used. When two such cross-classified 
factors are present row-column designs such as latin square, lattice square, Youden square, 
generalized Youden, pseudo Youden designs etc. are being used.   In many a field and 
laboratory experiments the experimental units or conditions differ due to several factors 
which influence the response under study.  It might not always be possible to remove such 
heterogeneity in response due to the factors other than treatments by blocking alone. There 
are the experimental situations in which there are one or more factors nested within the 
blocking factor. When there is one such factor, then nested block designs have been 
developed. To make the idea more clear, let us have a look at the following experimental 
situations. 
 

Experimental Situation 1.1: This example relates to a virological experiment, quoted by 
Preece (1967).  Suppose the half-leaves of a plant form the experimental units, on which a 
number of treatments, say, inoculations with sap from tobacco plants infected with Tobacco 
Necrosis virus, are to be applied.  Suppose the number of treatments is more than the number 
of suitable half-leaves per plant.  Now, there is one source of variation present due to the 
variability among plants.  Further, leaves within a plant may exhibit variation between 
themselves due to their being located on the upper branch, middle branch or on the lower 
branch of the same plant.  Thus, leaves within plants form a nested ‘nuisance’ factor, the 
nested being within the plants.  The half-leaves being experimental units, we then have two 
systems of ‘blocks’, leaves (which may be called sub-blocks), being nested within plants 
(which may be called blocks). 
 
Experimental Situation 1.2: In experiments with animals, generally littermates (animals 
born in the same litter) are experimental units within a block, i.e. litters are blocks.  However, 
animals within the same litter may be varying in their initial body weight.  If body weight is 
taken as another blocking factor, we have a system of nested blocks within a block. 
 
Experimental Situation 1.3: Consider a field experiment conducted using a block design and 
harvesting is done blockwise.  To meet the objectives of the experiment, the harvested 
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samples are to be analysed for their contents in the laboratory by different technicians at same 
time or by a technician over different periods of time.  Therefore, to control the variation due 
to technicians or time periods, this is taken as another blocking factor, we have a system of 
nested (sub) blocks i.e technicians or time periods within a block.   
 

Hence, for the experimental situations described above, we have one universe for which the 
results of the experiment will be valid. Out of this universe b1 blocks of size k1 have been 
selected and within each block, there are m sub-blocks such that sub-block size k2 = k1/m and 
total number of the experimental units required is b1k1 = b1mk2.   
 
2.     Nested Balanced Incomplete Block Designs 
Kleczkouski (1960) devised a form of nested incomplete block design with v = 8 treatments 
for a series of experiments in which bean plants, in the two primary leaves stage, were 
inoculated with sap from tobacco plants infected with tobacco necrosis virus.  The treatments 
were eight different virus concentrations.  Each leaf had two inoculations, one for each half-
leaf. Ignoring the leaf positions, plants and leaves were, respectively, the blocks (of size 4) 
and sub-blocks (of size 2) of a nested balanced incomplete block designs.  Preece (1967) has 
for the case of two-way elimination of heterogeneity, one nested within the other, introduced 
a Nested Balanced Incomplete Block (NBIB) design. 
 
Definition 2.1: An arrangement of v treatments each replicated r times in two system of 
blocks is said to be a NBIB design with parameters (r, v, b1, k1, λ1, b2, k2, λ2,m) if  
 

(a) the second system is nested within the first, with each block from the first system (block) 
containing exactly m blocks from the second system (sub-blocks); 

(b) ignoring the second system leaves a balanced incomplete block (BIB) design with b1 
blocks each of k1 units, with  λ1 concurrences; 

(c) ignoring the first system leaves a BIB design with b2 = b1m blocks each of k2 = k1/m units 
with , λ2 concurrences. 

 

Parametric Relationship 
1. vr = b1k1 = b1k2m = b2k2; 
2. λ1(v-1) = r(k1-1); (v-1)λ2 = r(k2-1) and  
3. (λ1-m,λ2)(v-1) = r(m-1). 
 

Preece (1967) presented the analysis of these designs and provided a list of designs with r ≤ 
15. Jimbo and Kuriki (1983), Dey, Das and Banerjee (1986), Parsad, Gupta and Srivastava 
(1999) and Morgan, Preece and Rees (2001) gave methods of construction of NBIB designs. 
Morgan, Preece and Rees (2001) prepared an exhaustive catalogue of NBIB designs with 

30rv ≤≤  and16 . Some of the methods of constructions of NBIB designs are presented in the 
sequel. 
 
3.      Construction of NBIB Design 
Method 2.1: Let their exists a BIB design D1 with parameters v’, b’, r’, k’ = s2, λ‘, where s 
is a prime or prime power. Consider another resolvable BIB design D2 with parameters v” = 
s2, b” = s(s+1), k” = s, r” = s+1, λ“ = 1. Now, take jth block contents of D1 as treatments 
and write a BIB design D2 in these treatments and arrange the blocks of D2, replication wise. 



Block Designs With Nested Factors 

 II-197

Repeat this process for all blocks of D1. This process results into a NBIB design with 
parameters with group of blocks of D2 forming a complete replicate is as block and blocks of 
D2 within replications as sub-blocks. 
 

v = v’, r = r’(s+1), b1 = (s+1)b’, k1 = s2, b2 = s(s+1)b’, k2 = s,  
λ1 = (s+1) λ‘, λ2 = λ‘.            (3.1) 
 

Example 3.1: Let D1 be a BIB design (v’ = 7 = b’, r’ = 4 = k’ = 22, λ‘ = 2), a solution of 
which can be obtained by developing the initial block (3,5,6,7) mod 13. Let D2 be the 
resolvable BIB design (v” = 4 = 22, b’’ = 6 = 2(2+1), r” = 3 = 2+1, k” = 2 = s, λ“ = 1).  
The contents of D2 are  

Replication – I Replication - II Replication - III 
Block - 1 Block-2  Block-3 Block-4 Block-5 Block-6 

A C B A C B 
B D C D A D 

 
Then following the procedure of Method 2.1 i.e. by writing D2, replication wise taking block 
contents of D1 as treatments we get the design. 
 

[(3,5),(6,7)] [(5,6),(3,7)] [(6,3),(5,7)] 
[(4,6),(7,1)] [(6,7),(4,1)] [(7,4),(6,1)] 
[(5,7),(1,2)] [(7,1),(5,2)] [(1,5),(7,2)] 
[(6,1),(2,3)] [(1,2),(6,3)] [(2,6),(1,3)] 
[(7,2),(3,4)] [(2,3),(7,4)] [(3,7),(2,4)] 
[(1,3),(4,5)] [(3,4),(1,5)] [(4,1),(3,5)] 
[(2,4),(5,6)] [(4,5),(2,6)] [(5,2),(4,6)] 

 
The parameters of the above design are: 
v = 7, r =  12, b1 = 21, k1 = 4, λ1 = 6, b2 = 42, k2 = 2, λ2 = 2. 
 
Method 3.2:  Suppose there exists a BIB design (v’,b’,r’,k’, λ‘) for which an initial block 
solution based on t-initial blocks is available.  Suppose it is possible to divide each initial 
block into m sub-blocks, each of size k2, such that the mt sub-blocks form the initial block for 
generating a BIB design with v’ treatments and block size k2.  Then, clearly by developing 
these initial blocks, we get a NBIB design with parameters 
 

v  = v’, r = r’, b1  = b’, k1 = k’, λ1 = λ‘, b2 = mt v’,  k2, λ2 = r’ (k’-m)/m(v-1).        (3.2) 
 

Using this method, several series of NBIB designs have been obtained.  For details see Dey, 
Das and Banerjee (1986). 
Example 2.2: We can construct an NBIB designs with parameters v = 8, r = 14, b1 = 28, k1 = 
4, λ1 = 6, b2 = 56, k2 = 2, λ2 = 2.   The initial blocks for the design are 
 

 [(1,5), (2,3)], [1,6), (4,7)], [(3,5), (8,6)], [(2,1), (8,4)].  
 

 We get the design by developing these blocks mod 7 and keeping fix the treatment 8. 
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Corollary 3.2.1: Following the procedure of Method 2.2, it can easily be seen that following 
series of NBIB designs can always be constructed. 
 Series I: v =2t+1=b1=2t+1, b2=t(2t+1), k1=2t, k2=2, r=2t, λ1=2t-1, λ2=1. 
 Series II: v=2t, b1=2t-1, b2=t(2t-1), k1=2t, k2=2, r=(2t-1), λ1=2t-1 λ2=1 
 

Series I: It is obtained by developing the initial blocks 
[(1,v-1) (2,v-2), ..., (t,v-t)]  mod 2t+1 
  
For v = 7 [(1,6), (2,.5),(3,4)] 
  [(2,7), (3,6), (4,5)] 
  [(3,1), (4,7), (5,6)] 
  [(4,2), (5,1), (6,7)] 
  [(5,3), (6,2), (7,1)] 
  [(6,4), (7,3), (1,2)]  
  [(7,5), (1,4), (2,3)]. 
  

Series II: It is obtained by developing the initial block 
 

[(1,v)   (2,v-1), ..., (t,v-t+1) ] mod (2t-1) by taking  v-th treatment as invariant 
 

For v = 6  [(1,6), (2,.5),(3,4)] 
  [(2,6), (3,1), (4,5)] 
  [(3,6), (4,2), (5,1)] 
  [(4,6), (5,3), (1,2)] 
  [(5,6), (1,4), (2,3)]. 
 

In series II, it can easily be seen that the blocks form an RCB design and sub-blocks for BIB 
designs. Such designs can be treated as complete blocks and incomplete sub-block designs. 
 

Method 3.3:  All 1-resolvable BIB designs can be treated as NBIB designs with complete 
blocks and incomplete sub-blocks, by considering 1-complete replication as blocks and 
blocks within replication as sub-blocks. 
 

Example 3.3: For an resolvable BIB design v = 9, b = 12, r = 4, k = 3, λ = 1, we get NBIB 
design with parameters v = 9, b1 = 4, b2 = 12, r = 4, k1 = 9,  k2 = 3, λ1 = 4, λ2 = 1,m = 3. 
 [(1,2,3), (4,5,6), (7,8,9)] 
 [(1,4,7), (2,5,8), (3,6,9)] 
 [(1,6,8), (2,4,9), (3,5,7)] 
 [(1,5,9), (2,6,7), (3,4,8)] 
The above method can also easily be applied to α-resolvable BIB design. 
 
4.     Analysis of Nested Block Designs 
Suppose that v treatments are arranged in a equireplicated proper nested block design 
involving b1 blocks each of size k1 and there being m mutually exclusive and exhaustive sub-
blocks of size k2 within the jth block, j =1(1) b1, so that b2=mb1 is the total number of sub-
blocks.  Let N = ((nij)) be the v × b1 treatments-blocks incidence matrix, where nij denotes the 
number of replications of the ith treatment in the jth block, i =1(1)v.  The row sums of N are 
r1v and column sums are k1 1b1  where r and k1 denote respectively the replication number of 
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treatments and block sizes.  Let M=((mij’(j)))  denote the v × b2 treatments-sub-blocks matrix, 
where mij’(j) denotes the replication number of ith treatment in the j’th sub-block nested with in 
the jth block.  The row sums of M are r1v while its column sums are k2 .'

b2
1  Here k2 denotes 

the size of j’th sub-block nested within the jth block.  Let R = r I, K1 = k1I and K2 = k2 I. 
 
The model considered for the analysis of these designs is 
 

 u)j('ij)j('jjiu)j('ij ey ++++= ηβτµ         (2.3) 
 
where yij’(j)u is the uth observation obtained from the ith treatment in the j’th  sub-block, u = 
1,...,mij’(j),  i.e. the number of replications of ith treatment in j’th sub-block,  j’ = 1, ..., m nested 
within the jth block, j = 1(1)b1. µ is the general mean, τi is the ith treatment  effect, βj is the jth 
block effect, nij’(j)  is the effect of the j’th sub-block nested within the jth block, and the 
quantities u)j('ije are uncorrelated errors with mean zero and common variance σ2. 
 
Let ( )′= v1 T,...,TT  be the 1v×  vector of treatment totals and ( )′=

2b1 V,...,VV  be the 1b2 ×  

vector of sub-block totals, ( )′=
1b1 , B...,BB  be the 1b1 ×  vector of block totals G be the 

grand total. Then under fixed effects model (1.1), using the principle of least squares, the 
reduced normal equations for obtaining best linear unbiased estimates of treatment contrasts 
is given by 
 QC =τ             (2.4) 

where  MKM RC ′  -  = -1
2     and VMKTQ 1

2
−−=   

such that 'j2
1)i(j

j)j(jiii k/VmTQ ∑
=′

′′−= . 

The above information matrix is same as the usual C - matrix that is obtained if blocks are 
ignored and the design is analysed treating sub-blocks as blocks.  Therefore, in so far as the 
estimation of treatment effects is considered, it is only the sub-block structure that matters.  
The vxv matrix C is symmetric, non-negative definite with zero row-sums.  For a connected 
nested block design, the Rank (C) = v-1. A solution of (2.4) is QCτ −=ˆ   and treatment sum 

of squares (eliminating blocks is given by QQC− . For a NBIB design  

)
v
1(

k
v

2

2 11IC ′−=
λ

 and  .
v

k

2

2 IC
λ

=−  Therefore, treatment sum of squares for a NBIB design  

(SST) is = ∑
=

2k

1i

2
i

2

2 Q
v

k
λ

.  Under a fixed effects model (1.1) the outline of ANOVA is given as 

below: 
 

ANOVA    
Source of Variation     D.F.                            S.S. 
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n
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2
)j(ji −∑∑∑

′
′  

As in the analysis of a balanced incomplete block design, the sum of squares for blocks 
(eliminating treatments) splits into parts, one affects by treatment differences, the other pure 
intra-block error. Similarly, in the analysis of a NBIB design, the sums of squares for blocks 
(eliminating treatments) and sub-blocks within blocks (eliminating treatments) each split into 
a treatment component and a pure error component. The bifurcation of various d.f is given in 
Table 1. 

Table - 1 
Source of Variation D.F. 

Blocks (ignoring treatments)  
Treatment  Component                             v-1 
Remainder                             b1-v 
Total                             b1-1 
Sub-blocks within blocks( ignoring 
treatments) 

 

Treatment  Component                             v-1 
Remainder                             b2-b1- v+1 
Total                             b2-b1 
Treatments(eliminating sub-blocks)                             v-1 
Intra-sub-block error                             rv-v-b2+1 
Total                             rv-1 
 
Using a mixed effects model with block and sub-block effects as random, three independent 
estimates of treatment contrast viz.(i) within sub-block estimate, (ii) between sub-blocks 
within block estimate and (iii) between block estimate are obtained.  These are then combined 
linearly, to obtain most efficient estimates of treatment contrasts or differences for further 
analysis and inferences. 
 
Gupta (1993) showed that the information matrix for estimating the treatments effects of 
nested block design is same as that of information matrix of a block design considering sub-
blocks as blocks and this result hold both for proper and non-proper settings. 
 
A connected nested block design is variance balanced iff, 
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  )( vv 11IIC ′−=θ           (2.5) 

where θ  = ,
1v

bn 2
−
−

 a scalar constant, is the unique positive eigen value of C with multiplicity 

v-1 and Iv is an identity matrix of order v, Iv is a v × 1 vector of unities. 
 
Gupta (1993) also showed that optimality results of nested block designs are dependent on the 
optimality results of sub-blocks designs.  He also obtained several series of optimal nested 
block designs with unequal block sizes.  As a particular case of these results, it can easily be 
verified that a NBIB design whenever existent is universally optimal over the competing class 
of designs. 
 
For an excellent review of nested block designs and their generalization one may refer to 
Calinski and Kageyama (1996). 
 
5. Nested Partially Balanced Incomplete Block designs 
A nested variance balanced block design may not exist always or even if it exists may require 
a large number of replications which the experimenter may not be able to afford. To deal with 
such situations, Homel and Robinson (1975) introduced nested partially balanced incomplete 
block (NPBIB) designs as defined below: 
 
Definition 1.1: An NPBIB design based on m (≥ 2)-class association scheme defined in v 
symbols, is an arrangement of v symbols into b2 sub-blocks of size k2 nested within b1 (= b2/t, 
t is an integer) blocks of size k1 (= tk2 < v) such that 
(i) Every symbol occurs at most once in a block. 
(ii) Every symbol appears at most r times in the design. 
(iii) If two symbols, say α and β, are ith associates, then they occur together in λ1i blocks 

and λ2i sub-blocks, the numbers λ1i, λ2i being independent of the particular pair of ith 

associates α and β, i = 1, 2…m. 
 
The numbers v, b1, b2, r, k1, k2, λ1i, λ2i (i = 1, 2…m) are called parameters of the design. If  λ1i 
= λ1 and λ2i = λ2; ∀ i = 1, 2...m, then an NPBIB design reduces to NBIB design. Since then 
several methods of construction of NPBIB designs have been obtained and are available in 
the literature. Satpati and Parsad (2003) have prepared catalogues of two and three associate 
class NPBIB designs for v ≤ 30 and r ≤ 15. 
 
For several factors nested within each other nested multiway designs have been obtained.  
Optimality aspects of these designs have been studied by Bagchi (1991). NBIB and NPBIB 
designs with sub-blocks sizes as 2 has an interesting application in obtaining block designs 
for diallel cross experiments. 
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