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1. Introduction  
Consider a situation, where it is desired to conduct a sample survey to obtain reliable estimate of 
acreage, yield rate and total production of major fruit crops grown in a hilly district. The villages 
in this district are wide spread. Thus the approachability is seriously hampered. In general, let 
there be N villages in the district and we want to select a sample of n villages  
  
The use of simple random sampling without replacement scheme for selecting a sample of n 

villages, gives equal probability of selection to each of the ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
n
N

samples. Using this approach, 

we may get a sample that consists of the villages that are wide spread. The collection of data 
using such a sample may not only increase considerably the expenditure on travel but the quality 
of the data collected is also likely to be seriously affected by non-sampling errors, particularly 
non-response and investigator bias, since in such cases organizing close supervision over the 
fieldwork would generally be fraught with administrative difficulties. The precision of estimate 
of parameter in the question would be reduced. Such samples that are not quite desirable in the 
sense that they may present organizational and other difficulties and are termed as non-preferred 
samples {see e. g. Goodman and Kish (1950)}. All other combinations of n units are called as 
preferred samples. 
 
Stratified sampling design can be one alternative for minimizing the selection of non-preferred 
samples. This may, however, not always be sufficient. Even after fully exploiting the mechanism 
of stratification, it may still be necessary to further control the selection of the sample within 
each stratum. For example, suppose we have two strata consisting of first stage units from each 
of which one unit is to be selected. Suppose further that in stratum 1 units B, C and F lie adjacent 
to the ocean or other major waterway, that in stratum 2 unit d is similarly located and that all 
other units are located inland. Assume the units, and the probability of selection assigned to each 
of them are  
 

Stratum 1  Stratum 2 
Unit Prob.  Unit Prob. 
A 0.10  a 0.15 
B 0.15  b 0.30 
C 0.10  c 0.10 
D 0.20  d 0.20 
E 0.25  e 0.25 
F 0.20    
P(inland)=0.55  P(inland)=0.80 
P(Coastal)=0.45  P(Coastal)=0.20 
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It is desired to select one inland and one coastal unit, and undesirable to select two coastal units. 
If we use the usual stratified random sampling design, then the probabilities of different 
combinations of units getting selected are: 
 
P(one inland and one coastal unit)  

= P(inland 1)*P(coastal 2) + P(inland 2)*P(coastal 1) 
= 0.55*0.20+0.45*0.80 
=0.4700 

P(two inland units) = P(inland 1)*P(inland 2)  
    = 0.55*0.80 = 0.44 
P(two coastal units) = P(coastal 1)*P(coastal 2)  
    = 0.45*0.20 = 0.09 
 
An alternative procedure is to redefine the selection procedure as described in the sequel. 
Rearrange the units in stratum 1 by listing B, C, F first followed by A, D and E. Rearrange the 
units in stratum 2 by shifting d to the end i.e. by placing e above d. Draw a random number from 
1 to 100. Let this one number determine the selection in both the strata. If the random number is 
45 or less a coastal unit will be selected in stratum 1 and inland unit in stratum 2. If the number is 
46 to 80 an inland unit will be selected in both strata. If the number is greater than 80 an inland 
unit will be selected in stratum 1 and a coastal unit in stratum 2. In this case the probabilities of 
different combinations of units getting selected are: 
 

P(one inland and one coastal unit) = 0.65 
P(two inland units) = 0.35 

 
The probability of selection of desired sampling units one from inland and one coastal is more in case of alternative 
selection procedure. Goodman and Kish (1950) showed that this procedure retains the equal 
probability of selection within strata to permit unbiased estimation of a population total or mean. 
A major use of this method is in the selection of first-stage units in multi-stage sampling, as 
noted by them. A disadvantage of this method is that unbiased variance estimation is not possible 
since sampling is no longer independent in strata.       
 
One may further argue that the techniques of cluster sampling and sub-sampling can be used 
within each stratum to minimize the selection of non-preferred samples. However, they may 
result in loss of precision of the estimated characteristic under study. 
 
Hence, there is a need of developing a suitable sampling methodology that reduces the risk of 
getting a non-preferred sample from the population to the minimum possible extent with 
retaining the fundamental principles of random sampling procedure. Such a procedure has been 
termed as controlled sampling by Goodman and Kish (1950).  To be specific: 
 
Controlled sampling is a technique for avoiding, as far as possible, samples which are not 
desirable (non-preferred samples) in the sense that they may be more expensive or present 
organizational and other difficulties. 
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Avadhani and Sukhatme (1965) introduced a controlled simple random sampling design with a 
view to reduce the risk of getting a non-preferred sample from the population to the minimum 
possible extent without affecting the precision of the estimate of the parameter under study. The 
procedure developed by them is explained below with the help of an example. 
 
Example 1.1: Consider a population of 6 units Ur, r = 1, 2, …, 6 and a sample of size 3 is desired 
to be drawn from population in question. The sample space S may be defined as the single-rowed 
matrix viz., S: (s1, s2, …, s20), where si’s are given by  
 s1   s2   s3   s4   s5   s6   s7   s8   s9   s10   s11   s12   s13   s14   s15   s16   s17   s18   s19   s20.    
 u1   u1  u1   u1   u1  u1  u1   u1   u1   u1   u2    u2    u2    u2    u2     u2      u3      u3      u3    u4  
 u2   u2  u2   u2   u3  u3  u3   u4   u4   u5   u3    u3    u3    u4    u4     u5      u4      u4      u5    u5 
 u3   u4  u5   u6   u4  u5  u6   u5   u6   u6   u4    u5    u6    u5    u6     u6      u5      u6      u6    u6 

and let P-measure of S be denoted by P:(P1, P2, …, P20), where Pi≥ 0 and 
=

20

1i
iP  = 1.  

It can easily be seen that the probability of the inclusion of a particular unit in the sample πi is 

n/N = 3/6 = 0.5 and probability of inclusion of any pair of units in the sample (πij) is 
)1(

)1(
−
−

NN
nn = 

56
23

x
x = 0.2. 

 
Now form a system of equations that preserve the pairwise inclusion probabilities. It can be 
obtained by adding the probabilities of the samples in which that particular pair of units appear. 
The system of equations formed is given below: 

P1 + P2  + P3   + P4  = 0.2  P4  + P13 + P15 + P16 = 0.2 
P1 + P5  + P6   + P7  = 0.2  P5  + P11 + P17 + P18 = 0.2 
P2 + P5  + P8   + P9  = 0.2  P6  + P12 + P17 + P19 = 0.2 
P3 + P6  + P8   + P10 = 0.2  P7  + P13 + P18 + P19 = 0.2 
P4 + P7  + P9   + P10 = 0.2  P8  + P14 + P17 + P20 = 0.2 
P1 + P11 + P12 + P13 = 0.2          P9  + P15 + P18 + P20 = 0.2 
P2 + P11 + P14 + P15 = 0.2  P10 + P16 + P19 + P20 = 0.2 
P3 + P12 + P14 + P16 = 0.2 
 

According to Avadhani and Sukhatme (1965), to solve this system equations, there should be  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
n
N

- ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
2
N

= ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
3
6

 - ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
2
6

 = 20 – 15 = 5 non-preferred samples. Now for given 5 non-preferred 

samples and α, the sum of the probabilities of selection of non-preferred samples, the solution of 
above equations can be obtained. For example if  α = 0 and s1, s2, s16, s17, s18 are non-preferred 
samples, then solving the above system of equations, we get  
 
P3 = P4 = P5 = P11 = P19 = P20 = 0.10, P6 = P7 = P8 =P9= P12 = P13 = P14 = P15 = 0.05, P10 = 0,  
 
Which give rise to a unique random sampling design. It is clear that this technique become too 
laborious when N and n are large. Moreover, the above procedure may fail to give a random 
sampling design in some of the situations. For example, if in the above, we take that s1, s6, s7, s17 
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and s18 are the non-preferred samples, rather than s1, s2, s16, s17 and s18, then solving the above 
system of equations, we get  
 
P2 = P8 = P9 = P11 =  0 ,  P3 = P4 = P10 = P12 = P13 = P14 = P15 = P20 = 0.10, P5 = 0.20, P16 = -0.10 < 0 
i. e. probability of a selecting of a sample is negative. 
  
Avadhani and Shukhatme (1968) suggested an improvement in the above sampling technique. 
But still these procedures remain too time consuming and laborious. The use of combinatorial 
properties of incomplete block designs can reduce this problem to some extent.    
 
2. Controlled Sampling Plans Using the Combinatorial Properties of Incomplete Block      

Designs  
 
Most of the literature on controlled sampling exploits the combinatorial properties of various 
incomplete block designs to construct controlled sampling designs with minimum support size 
(i.e. with minimum number of distinct blocks). 
 
Implementing controlled sampling through incomplete block designs requires identifying 
maximum possible number of distinct blocks with the preferred samples and the remaining with 
the non-preferred samples, and one block (sample) is then selected with pre-assigned 
probabilities from the blocks of the chosen design. 
 
Chakrabarti (1963) and Avadhani and Sukhatme (1973) proposed the use of balanced 

incomplete block designs with parameters v = N, b< ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
n
N

, r, k = n, and λ to construct controlled 

simple random sampling design. Here N is the population size and n>2 is the sample size; the 
parameters v, b, r, k, λ have their usual meaning. By selecting a block at random, that is with 
equal probabilities 1/b, the first-order inclusion probabilities, πi, and second order inclusion 
probabilities, πij, for a simple random sampling are retained; that is  
 

πi= r/b = k/v = n/N ( )// vkbrbkvr =⇒=Q  and  
πij = λ/b = r(k-1)/{b(v-1)}   { )1()1( −=− vkr λQ } 
     = k(k-1)/{v(v-1)     
     =n(n-1)/{N(N-1)}.  

 
These are same as those obtained under uncontrolled SRS WOR. This ensures that the simple 
random mean y  remains unbiased for the population mean Y , under simple random sampling, 
with variance of y  identical to that under simple random sampling. The procedure can be 
illustrated with the help of a following example. 
  
Example 2.1: The example is taken from a sample survey carried out in 1964-65 in the Nainital 
district of Uttar Pradesh, India to obtain reliable estimates of acreage, yield rates and total 
production of major fruit crops grown in the district. 
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The entire district was divided into several strata on the basis of information available from the 
previous round. In one of these strata, there were 90 villages and a sample of 9 villages proposed 
to be selected to obtain the required data. Because of the mountainous terrain and lack of 
adequate road and transport facilities, it is desirable that the distance between the selected 
villages in the sample is the least possible so that the enumerator can carry out the job more 
efficiently. The method of simple random sampling without replacement can be used with 
advantage.  
 

Since ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
9
90

 is very large number, we first divide 90 villages into three random groups, each of 

size 30, so that Nt = 30 for t = 1, 2, 3, and units by controlled simple random sampling each one 

of these groups. Since ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
3
30

 is also large, we choose tn′ = 7 and draw a simple random sample of 

size 7 units from each of these groups. Suppose that the 7 selected villages in the first group are 
located as shown below.  

              
*3*6*
4*5*7
*1*2*

 

There are clearly ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
3
7

 = 35 possible combinations of size 3. These are listed below. 

123* 136* 167* 247* 356 
124 137* 234* 256 357 
125 145 235 257 367 
126* 146* 236* 267 456 
127 147* 237* 345 457 

  134   156   245   346   467* 
135 157 246* 347* 567 

 
The 14 combinations marked with an asterisk are considered as the non-preferred samples, from 
the point of view of travel and convenience in fieldwork. If each one of the 35 combinations is 

given an equal chance of being selected as in simple random sampling, i.e. with probability 
35
1  = 

0.0285, then the probability of obtaining a non preferred sample (ϕ) is clearly 
35
14  = 0.4.  

Now consider a BIB design D1 with the parameter (v = 7, b = 7, r = 3, k = 3, λ = 1) with block 
contents as. 
 
Block-1: (1,2,4);   Block-2: (2,3,5);  Block-3: (3,4,6);  Block-4: (4,5,7);  Block-5: (5,6,1);   
Block-6: (6,7,2);      Block-7: (7,1,3)* 
  
It can be observed that the combination (7, 1, 3) in Block-7 is not preferred but all other 
combinations are preferred. If one block is selected at random, that is, if probability of selection 
of a sample [pc(s)] = 1/7 for above seven samples and pc(s) = 0 for the remaining samples, then 
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the probability of obtaining a non-preferred sample, ϕ, is 1/7. On other hand, the probability of 
obtaining a non-preferred sample, ϕ, is increased to 14/35 under uncontrolled simple random 
sampling for which p(s) = 1/35. 
 
Clearly there is a potential of using BIB designs as a controlled selection design. It should be 
noted that probability of selecting a non-preferred sample, ϕ,  may not remain the same if we 
choose a different solution of the BIB design with the same parameters. For instance, if we 
consider the following solution of BIB design 

Block-1: (1,3,4);   Block-1: (2,4,5);  Block-1: (3,5,6); Block-1: (4,6,7)*;  
Block-1: (5,7,1);   Block-1: (6,1,2)*; Block-1: (7,2,3)*. 

 
Then 3 non-preferred samples gives ϕ equal to (3/7)> (14/35), the value obtained for 
uncontrolled design. Thus, the choice of a balanced incomplete block design that enables us to 
minimize ϕ would require trial and error in practice and the wrong choice of the BIB design may 
even make the control worse than the uncontrolled case. 
 
A further limitation of the above method is non-availability of BIB designs for many 

combinations of v and k. For instance, no BIB design exists for v = 8, k = 3 with b < ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
3
8

 = 56. 

Wynn (1977) and Foody and Hedayat (1977) used BIB designs with repeated blocks for 
obtaining controlled sampling plans. In these designs the support of BIB design (number of 

distinct blocks is less than ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
k
v

. For the case of v = 8 and k = 3, a BIB design with repeated 

blocks (v = 8, b = 56 (b* = 22), r = 21, k = 3, 6=λ ) is 
 
(125)(1); (127)(2); (128)(3); (136)(5); (137)(1); (145)(5); (146)(1); (178)(3); (234)(4); (237)(2); 
(245)(1); (246)(1); (256)(2); (257)(2); (268)(3); (347)(2); (358)(6); (367)(1); (467)(1);    
(468)(3);   (478)(3);    (567)(4). 
 
Use of Combinatorial Properties of Incomplete Block Designs was further extended to obtain 
controlled sampling plans with the inclusion probabilities proportional to size of units (IPPS) 
have also been studied.  
 
Gupta, Nigam and Kumar (1982) used BIB designs in conjunction with the Horvitz-Thompson 
estimator. They also suggested the use of doubly balanced incomplete block designs to obtain 
explicit expressions of ijπ . 
 
Nigam, Kumar and Gupta (1984) used the combinatorial properties of different experimental 
designs, including BIB designs with or without repeated blocks, partially balanced incomplete 
block designs, supplemented blocks and cyclic designs to obtain controlled IPPS sampling plans 
with the property jiijjic πππππ ≤≤  for all ...,,1=≠ ji N, where c is some positive constant, 

.10 << c  
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Now it is clear that the approach of using the combinatorial properties of incomplete block 
designs to obtain controlled sampling plans focuses on reducing the support size (number of 
samples in the reduced sample space) rather than minimizing the probability of obtaining a non-
preferred sample, ϕ.  As discussed earlier that an arbitrary choice of the incomplete block design 
may even make the situation worse. Therefore, it was felt that a procedure that ensures the 
constancy of ϕ be developed. Rao and Nigam (1990) developed a procedure to obtain optimal 
controlled sampling design using the linear programming. The procedure is described in the next 
section. 
 
3. Linear Programming Approach for Optimal Controlled Sampling Plans 
  
Let p(s) be the selection probability for the sample s∈S, where S is the set of all possible samples 
each of size n >2. If S1 ⊂ S denotes the set of non-preferred samples, then the optimal controlled 
design (that minimizes the probability of selection of a non-preferred sample), pc(s), is a solution 
to the following linear programming problem; minimize the objective function ϕ = ∑ ∈ 1

)(Ss sp  

with respect to variables {p(s)| s∈S} subject to some linear constraints. More general linear 
objective functions, such as ϕ = ∑ ∈ 1

)()(Ss spsw , with specified weights w(s) ≥ 0, can also be 

used. This means that instead of specifying S1, we can define a cost function for all samples, and 
minimize the expected cost. The constraints have to be taken on the basis of problem we want to 
solve. They considered the two different situations viz. (i) controlled sampling design for 
specified πij’s (and hence )'siπ (ii) specified si 'π  and the πij’s subject to the constraints 

jiijjic πππππ ≤≤  for some c, .10 << c These two situations are described as below: 
 
3.1 Optimal Controlled Sampling Designs for IPPS with Specified πij’s 
 
It is often desirable to obtain a controlled inclusion probability to size sampling plan with the 
same πij’s as of a specified uncontrolled inclusion probability proportional to size plan having 
certain desirable properties. The linear programming problem may be specified as:  

minimize ϕ = ∑ ∈ 1
)(Ss sp subject to the constraints. 

(i) ∑ ∈sji sp, )( = πij  (i < j = 1,2, …, N);        (3.1) 

(ii) p(s) ≥ 0 for all s∈S. 
 

Here the specified πij’s satisfy the inclusion probability proportional to size properties, that is πi = 
∑ ≠ij ijπ /(n-1) = npi.  The feasible region is nonempty if the specified πij correspond to a known 

plan, for example, Samford's Plan. The optimal solution )(spc is readily obtained by the well 
known simplex method. To be clearer, consider the following examples. 
 
Example 3.1: Consider the same situation as described in example 2.1. In this example, S1 is the 
set of 14 non-preferred samples listed below. 

123 126 136 137 146 
147 167 234 236 237 

            246      247      347      467 
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We obtain the optimal controlled simple random sampling plan (s, pc(s)), by setting πij = n(n-

1)/{N(N-1)} = 
7
1  = 0.142857143 with the objective function ϕ = ∑ ∈ 1

)(Ss sp  and minimizing it 

by linear programming problem with respect to variables {p(s)| s∈S} subject to the linear 
constraints: 

(i) ∑ ∈sji sp, )( = πij  (i < j = 1,2, …, N);  

(ii)  p(s) ≥ 0 for all s∈S. 

Using PROC LP of SAS, we get ϕmin = 
7
1  = 0.142857143, the same ϕ as obtained through the 

use of BIB design D1. The result of optimal plan is given below. 
 
               s             pc(s) 

124  0.142857143 
235  0.142857143 
346  0.142857143 
457  0.142857143 
561  0.142857143 
672  0.142857143 

       731*                0.142857143 
 
The solution of linear programming problem is not unique. The optimal solution given by the 
Rao and Nigam (1990) is  
 

S p(s) f s p(s) f 
1 2 4 0.11429 4 2 4 6* 0.02857 1 
1 2 7 0.02857 1 2 6 7 0.11429 4 
1 3 4 0.02857 1 3 4 6 0.11429 4 
1 3 7* 0.11429 4 3 6 7 0.02857 1 
1 5 6 0.14286 5 4 5 7 0.14286 5 
2 3 5 0.14286 5    

 
The optimal solution is a BIB design with the repeated block with frequencies fs: 4, 1, 1, 4, 5, 5, 
1, 4, 4, 1, 5 associated with the 11 distinct blocks or samples. 
 
This example illustrates that the criterion of minimum support size is not necessarily relevant in 
arriving at an optimal controlled sampling plan. 
 
Example 3.2: Consider a situation, where it is desired to obtain a controlled sampling plan for 
selection of n = 3 units out of N = 8 units. The location of 8 units is listed below. 
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**8**
*3*6*
4*5*7
*1*2*

 

Based on consideration similar to those of Avadhani and Sukhatme (1973). Suppose that the 
following samples are non-preferred in addition to the previous 14 non-preferred samples (given 
Example 2.1):  

128 178 248 458 
         468      478      578 

 

S contains 56 samples, each of size 3. Setting πij = n(n-1)/{N(N-1)} = 
28
3 , obtained the optimal 

controlled simple random sampling plan shown below. The optimal plan gives  ϕmin = 0.1607.  
  

           Optimal plan for N = 8 and n = 3 
s p(s) f  s p(s) f 

1 2 3* 0.01786 1  2 4 6* 0.01786 1 
1 2 4 0.08929 5  2 5 8 0.05357 3 
1 3 5 0.03571 2  2 6 7 0.07243 4 
1 3 7* 0.05357 3  2 7 8 0.03571 2 
1 4 8 0.01786 1  3 4 6 0.05357 3 
1 5 6 0.01786 1  3 4 8 0.05357 3 
1 5 7 0.03571 2  3 5 6 0.01786 1 
1 5 8 0.01786 1  3 6 7 0.01786 1 
1 6 7* 0.01786 1  3 7 8 0.03571 2 
1 6 8 0.07143 4  4 5 6 0.03571 2 
2 3 5 0.05357 3  4 5 7 0.07143 4 
2 3 6* 0.01786 1  4 7 8* 0.03571 2 
2 3 8 0.01786 1  5 6 8 0.03571 2 

 
Optimal controlled simple random sampling plan is in fact a repeated block-balanced incomplete 
block design with frequencies fs : 1, 5, 2, 3, 1, 1, 2, 1, 1, 4, 3, 1,  1, 1, 3, 4, 2, 3, 3, 1, 1, 2, 2, 4, 2, 
2 associated with the 26 distinct blocks or samples.   
 
The above two plans are BIB designs with repeated blocks. This only reveals that linear 
programming may usefully be employed to obtain BIB designs with repeated blocks and many 
new solutions (even of unsolved cases) can possibly be generated. These two examples are based 
on the equal probability of each sample and the equal πij.  We now give an example where πij's 
are fixed but not same.   
 
Example 3.3: Consider the population N = 6 and the sample size n = 3 the probability of each 
units are given below: 
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Units Pi 
1 2/17 (0.117647059) 
2 3/17(0.176470588) 
3 4/17(0.235294118) 
4 1/17(0.058823529) 
5 2/17(0.117647059) 
6 5/17(0.294117647) 

 
All possible combinations of 3 units out of 6 units are   

123*  135  234*  256 
124  136  235  345 
125  145  236*  346 
126*  146*  245  356 
134  156  246*  456 

 
Let the following samples are non-preferred: 123, 126, 146, 234, 236, 246.  
 
Applying Sampford’s (1967) method, we obtain the following πij’s: 

 
π12 = 0.1200,   π13 = 0.1966,   π14 = 0.0698,   π16 = 0.2876, 
π23 = 0.3199,   π24 = 0.0555,   π25 = 0.4433,   π34  = 0.0930, 
π35 = 0.1967,   π36 = 0.0318,   π45 = 0.1409,   π56  = 0.2876. 

 
The optimal plan matching these πij’s is given below:    

 
Optimal Plan for N = 6 and n = 3 matching Sampford’s πij’s 

s p(s)  s p(s) 
1 2 3* 0.0205  2 3 6* 0.2510 
1 2 4 0.0172  2 4 6 * 0.0385 
1 2 6* 0.0823  2 5 6 0.0717 
1 3 4 0.0145  3 4 5 0.0039 
1 3 5 0.0131  3 4 6 0.0747 
1 3 6* 0.1485  3 5 6 0.1313 
1 5 6 0.0567  4 5 6 0.0279 
2 3 5 0.0484    

 
The optimal plan gives ϕmin = 0.54 compared to ϕmin = 0.57 for Sampford’s design.  

 
The above examples are based on the constant πij. Now we consider the situations where πij is not 
constant but lies within an interval. The procedure for obtaining controlled sampling plans for 
such situations is discussed in Section 3.2. 
 
3.2 Optimal Controlled Sampling Plans for IPPS with πij’s ∈ [a, b]  
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The optimal controlled inclusion probability proportional to size plans can be obtained by 
minimizing ϕ = ∑ ∈ 1

)(Ss sp  subject to the constraints.  

(iii) ∑ ∈si sp, )(  = npi  (i  = 1,2, …, N); 

(iv) c(npi)(npj) ≤ ∑ ∈sji sp, )(  ≤ (npi)(npj)  (i < j = 1,2, …, N);     

(v)  p(s) ≥ 0 for all s∈S. 
 
The procedure can be illustrated with the help of following example. 
 
Example 3.4: Consider an example which is taken by the Nigam, Kumar and Gupta (1984) with 
N = 7, n = 3 and the pi-values as 0.25, 0.19, 0.16, .015, 0.12, 0.08, 0.05. Associating these units 
with the 7 villages in example 2.1, the 14 non-preferred samples are same as given earlier.  
Nigam, Kumar and Gupta obtained a controlled inclusion probability proportional to size plan 
satisfying 1/2πiπj ≤  πij ≤  πiπj.  The method of repeated blocks gave 66 blocks and 34 blocks 
were then added by trial and error to get the desired plan. Their plan gave ϕ = 0.32, where as the 
optimal controlled plan, obtained by setting c = 0.5 in the constraints gives ϕmin = 0.17. The 
optimal plan is given below. 

Optimal plan for N = 7 and n = 3 
s     p(s)    s     p(s) 
1 2 3* 0.0905 1 4 6* 0.0162
1 2 4  0.2092 1 5 6 0.0368
1 2 5 0.0204 2 3 5  0.0462
1 2 6* 0.0270 2 4 5  0.0472
1 2 7 0.0802 2 5 6  0.0490
1 3 4 0.1058 3 4 6 0.0378
1 3 5 0.1266 3 6 7 0.0360
1 3 6* 0.0371 4 5 7 0.0338

  
From these four examples we can say that the optimal controlled sampling plan gives the better 
result and reduces the probability of the selection of non-preferred sampling in working samples. 
So, it reduces the cost or expenditure on the sampling.  
 
The optimal plans derived from the constraints as described above do not guarantee that the 
variance of Ŷ is always smaller than the variance of the customary estimator in probability 
proportional to size sampling without replacement. However, the value of ϕmin would be smaller 
under these plans since the feasible region under this method is larger than that under first 
method if πij is included in the interval [c(npi)(npj), (npi)(npj)]. 
 
Rao and Nigam (1992) presented a unified approach of optimal controlled sampling. The plan 
obtained by them match the variance of a general linear unbiased estimator associated with a 
specified uncontrolled plan. 
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However, for large ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
n
N

, the technique of linear programming may be difficult to implement 

although somewhat similar difficulties may also arise in implementing the other methods. 
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