
CONCEPTS AND APPLICATION OF LINEAR MODELS  
 

R. Srivastava and Rajender Parsad 
I.A.S.R.I., Library Avenue, New Delhi – 110 012 

ravindra@iasri.res.in 
 

1. Introduction 
In order to understand physical and natural phenomena around us we often resort to 
mathematical model building. In order to keep it simple, many relevant factors may be left 
out. Further, model needs to be validated through measurements. These measurements are 
likely to be associated with errors. In order to account for measurement (observational) errors 
statistical model is required that accounts for some amount of uncertainty. 
 
A model is an equation or a set of equations, which represents the behaviour of system.  It can 
also be defined as a formalized expression of theory or the casual situation that is regarded as 
having generated observed data. Therefore, the modelling refers to the development of 
mathematical expressions that describe in some sense the behaviour of a random variable of 
interest.  This random variable is generally called the dependent or response variable.  The 
variables (real or dummy) called predictor or explanatory or independent variables are 
thought to provide information on the behaviour of the dependent variable incorporated into 
the model.  The model also involves some unknown constants called parameters, which 
control the behaviour of the model.  These parameters are generally estimated and hypotheses 
regarding these parameters are tested from the data using the analysis of model.  
 
The mathematical complexity of the model and the degree to which it is a realistic model will 
depend on how much is known about the process being studied and on the purpose of 
modelling exercise.  In general, there are two types of models viz. linear model (the model 
linear in parameters) and non-linear model (non-linear in parameters).  We shall restrict 
ourselves to linear models only.  We try to explain the use of linear model through following 
examples. 
 
Example 1.1 The hospital bill of a patient depends on following factors 

• Number of days spent in the hospital. 
• Number of days spent in intensive care unit. 
• Unknown factors (may be greed of the hospital, nature of treatment etc.). 

 
We nay use following simple model. 

∈+++= 22110 xxy βββ  
where y is amount of hospital bill, x1 is stay at the hospital (excluding stay at the intensive 
care unit), x2 is number of days spent at intensive care unit,  ∈  represents factors not 
specifically included in the model like nature of treatment etc. β’s  are the parameters to be 
estimated. 
 
Example 1.2 The height of an adult person varies 

• From one ethnic group to another. 
• Gender of the person. 



Concepts and Application of Linear Models  
 

 II-94 
 

In order to compare the two groups on the basis of height, following model may be used 
∈+++= 22110 xxy βββ  

 
where y is measured height of an individual, x1 is  a binary variable representing ethnic group, 
x2 is a binary variable representing gender,  ∈  represents factors not specifically included in 
the such as measurement errors, variation of height that exists among the adults of a particular 
gender in a  given group.. 
 
In studying the variability that is evident in data, we are interested in attributing that 
variability to the various categorizations of the data.  The classifications that identify the 
source of each datum are called factors.  The individual classes of classification are the levels 
of the factor and the subset of data occurring at the intersection of one level of every factor 
being considered is said to be in the cell of data. 
 
In classifying model in terms of factors and their levels, the features of interest are the extent 
to which different levels of a factor affect the variable of interest and is called as the effect of 
a level of a factor on that variable. 
 
2. Classification of Linear Models 
2.1Types of Models on the basis of Nature of Effects  
As explained earlier, a statistical linear model is actually a linear relation of the effects of the 
different levels of a number of factors involved in an experiment along with one or more 
terms representing error effects.  The effects of any factor can be either fixed or random.  The 
fixed effects are the effects attributable to a finite set of levels of a factor that occur in the 
data.  For example, the effects of four well defined varieties of a crop say, tomato are fixed as 
the experimenter is interested in only these four specific varieties and has no thought of other 
varieties.  The random effects attributable to a usually infinite set of levels of a factor, of 
which only a random sample is deemed to occur in the data. 
 
Example 2.1: If a crop, say tomato is taken as a factor with varieties as its levels and tried at a 
number of gardens selected at random from a large number of gardens, then the effect of 
gardens is random effect since the gardens have been chosen randomly with the object of 
using them as a representation of the population of all home gardens in a particular area. 
 
The models involving only fixed effects (except the error term which is random) are called 
fixed effects models, or sometimes just fixed models, and those having only random effects 
apart from a single general mean (µ) common to all observations are called random effects 
models or more simply, random models.  The models that contain both fixed (besides mean) 
and random effects (besides error term) are called as mixed models. 
 
In application, to real life situations, mixed models have broader use than random models, 
because so often it is appropriate to have both fixed effects and random effects in the same 
model.  Indeed, every model that contains µ is a mixed model, because it also contains 
residual error term and so automatically has a mixture of fixed and random effects.  In 
practice, however, the name mixed model is usually reserved for any model having both fixed 
effects other than µ and random effects besides the customary residuals. However, here, we 
shall restrict ourselves to linear, fixed effects models only.   



Concepts and Application of Linear Models  
 

 II-95 
 

In fixed effects models, the main objectives are to estimate the effects, find a measure of 
variability among the effects of each of the factors and finally find the variability among the 
error effects.  The random errors are generally assumed to be normally and independently 
distributed with zero mean and a constant variance σ2.  A further assumption that has been 
made in the model is that the effects are additive in nature. 
 
2.2 Types of Models on the basis of Number of Classificatory Factors 
The models can also be classified on the basis of nature of data, that is, the number of 
controllable factors involved in the data classification. For example, if the data are from the 
different levels of a single factor, then we call the data as one-way classified data and the 
model is one-way classified model.  If the data are from different levels of two factors, then, 
we call the data as 2-way classified data and the model is 2-way classified model and so on.  
In general, if the data belong to the level combinations of m-different factors, we call them m-
way-classified data and the model as m-way-classified model.  In the context of experimental 
designs, the model for the analysis of completely randomized design (CRD) is 1-way 
classified model; for block designs it is 2-way classified model; for row-column designs, it is 
3-way classified model, etc. 
 
2.3 Types of Models on the basis of Nature of Data 
The levels of the factors may be crossed with each other or levels of one factor are nested 
within the other factor.  Therefore, there may be two types of classifications viz. crossed and 
nested. 
 
2.3.1 Nested and Cross Classifications 
If every level of a factor could be used in combination with every level of every other factor, 
then, the classification is crossed.  In this classification the factors “cross” with each other and 
their “intersections” are the subclass or cells of the situations, wherein, data arise.  Absence of 
data from a cell does not imply non-existence of that cell, only that it has no data.  The total 
number of cells in a cross-classification is the product of the number of levels of various 
factors and not all of these may have observations in them.  For example, suppose we have 
data from 6 plants, representing 3 varieties being tested in combination with two fertilizer 
treatments.  The entries in the table are such that yijk represents the yield of plant ‘k’ of variety 
‘i’ that received treatment ‘j’. 

 
TABLE 1 

  Variety      Treatment 
    1   2 

1    y111, y112  y121 
2    y211   y221 

                    3                                             y311 
 

We shall now write, these 5 dummy (0,1) variables and 5 regression coefficients α1, α2 and α3 
corresponding to the effects of 3 varieties and β1 and β2 the effects of two treatments.  
Further, in general mean or intercept term denoted by µ.  Then, the model can be represented 
as 
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yijk = µ + α1xijk,1 + α2xijk,2 + α3xijk,3 + β1x*
ijk,1  +β21x*

ijk,2  + eijk    (1) 

where the xijk’s and 'x*
ijk s are dummy (0,1)- variables, thus, for the observation corresponding 

to variety 2 and treatment 1, y211 can be represented in model as  with xijk,2=1 = x*
ijk,1  and rest 

as zeros, 
  Y211 = µ + α2 + β1 + e211. 
 
In general, this model is represented as  

Yijk = µ + αi + βj + eijk ;  for all i=1(1)a, j=1(1)b, k=1(1)nij                (2) 
 
where a(b) is the number of the levels of first (second) factor, say variety (treatment) and nij is 
the number of observations in the cell at the intersection of ‘i’ level of factor 1 and ‘j’ level of 
factor 2 and the eijk are residuals normally distributed with mean 0 and variance σ2.  In the 
above, there are two factors, therefore, it is two-way classified model and αi of equation (2) 
refers to the effect of level ‘i’ of factor say, variety and βj is the effect on the yield of 
treatment ‘j’.  The effects of this nature that pertain to a single level of a factor are called main 
effects.  However, sometimes, effect of one factor (variety) is not the same for all levels of 
other factor (treatment) and conversely the effect of treatment is not same for all varieties.  
There are some additional effects accounting for the way in which treatments and varieties are 
interacting.  These effects are called interaction effects and represent the manner in which 
level of one main effect (variety) interacts with each level of the other main effect (treatment).  
Thus, the interaction effect between level ‘i’ of α-effect and level ‘j’ of β-effect is introduced 
in the model (2) as 

Yijk =µ+ αi+βj+(αβ)ij + eijk ; for all I=1(1)a, j=1(1)b, k=1(1)nij                  (3) 
 
(αβ)ij measures the failure of the effects of one factor to be the same at all levels of another 
factor.  
 
Note that whenever nij = 1 for all cells, then, the model with interaction (3) becomes 
indistinguishable from the model without interaction (2), then, (αβ)ij and eijk terms of (3) get 
combined as εij = (αβ)ij + eijk, say and so (3) becomes  

Yij =  µ + αi + βj + εij                                  (4) 
 
This means that for nij = 1, we can study only the case of no interaction. However, there do 
occur experimental situations, where it is not possible to use each of the levels of every factor 
in combination with every level of other factor.  For example, suppose at a university a 
student survey is carried out to ascertain the reaction to the instructor’s usage of a new 
computing facility that provides typewriter terminals in the classroom.  We suppose that all 
freshmen have to take English or Geology or Chemistry in the first semester.  All three 
courses in the first semester are large and are divided into sections, each section with a 
different instructor and not all sections necessarily have the same number of students.  In the 
survey, the response provided by each student is opinion (measured on a scale of 1 through 
10) of his/her instructor’s use of the computer.  Based on these data the questions of interest 
are, Do the instructor’s differ in their use and is the use of the computer affected by the 
subject matter being taught? 
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A possible model for this situation would include a general mean µ and main effects αi; 
i=1(1)3 for three types of courses and βj; j=1(1)2 for two sections of each course, if it is 
assumed that there are two sections in each of the courses.  If there are nij students in section 
‘j’ of the course ‘i’ and yijk is the opinion of the student k in section ‘j’ of the course ‘i’.  Then, 
the model used for the cross classification is Yijk = µ + αi + βj + eijk; i=(1)3, j=1(1)2, 
k=1(1)nij will not be of help because βj for j=1 represents the effects a of section 1 of the 
English course, of the Geology course and of the Chemistry course.  This is meaningless as 
the three sections, are composed of different groups of students, have nothing in common 
other than that they are all numbered 1 in respective courses.  Here, sections are not crossed 
with courses but sections are within courses, i.e., sections are nested within courses. 
 
A nested factor refers to one factor whose levels are nested within the levels of another, i.e., a 
factor with a different set of levels for each level of another factor.  Thus, sections is a nested 
factor or a nested classification or hierarchical classification and a suitable model for this is  
 Yijk =  µ + αi + βi(j) + eijk                               (5) 
 
where βi(j) is the effect for section ‘j’ nested within the course ‘i’.  This is a two-way nested 
classification on the model: sections within courses. The βi(j) should not be confused herewith 
(αβ)ij , the interaction effect in the crossed classification model.  The interaction effect is 
peculiar to the combination of level ‘i’ of the α-factor and level ‘j’ of the β-factor.  
Interactions between a factor and one nested within it cannot, therefore, exist. Nested and 
crossed classifications are by no means mutually exclusive.  Both can occur in the same 
model. 
 
It is easy to see that all these kinds of models can be written as  
  Y = Xθ + e                                         (6) 
 
where X is known as design matrix, Y, the vector of observations, θ, the vector of parameters 
and e is a vector of random errors and usually assumed to be distributed as N(0, σ2I).  
Therefore, the analysis of all the models crossed or nested or a combination of both can be 
derived from the analysis of a general linear model (6) as particular cases.  Before discussing 
the analysis of a general linear model, it will not be out of place to define different types of 
data. 
 
3. Types of Data 
On the basis of equality and non-equality of class frequencies the data can be of two types viz. 
Balanced and Unbalanced Data. If all cells of data have equal number of observations, then 
the data is said to be balanced and if the number of observations in the cells are unequal, data 
is said to be unbalanced. Unbalanced data may be all-cells filled data and some -cell-empty 
data. 
 
On the basis of independence and interdependence of estimates of various effects, the data can 
be classified as orthogonal and non-orthogonal. 
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Orthogonal data is that data set, which lead to estimates of various effects which are 
independent (uncorrelated) with each other. In this data cell levels of one factor occur with 
other factor with proportional frequencies. For example, let there be two factors A and B with 
‘r’ and ‘s’ levels respectively.   Suppose ni. denotes the number of times ith level of A occurs 
in the data, n.j, the number of times the jth level of B occurs in the data, nij, the number of 
times the ith  level of A occurs with the jth  level of B in the data and ‘n’  is  the total number of 
data points.  Then the proportional frequency condition can be stated as  
  nij= ni. n.j/n    i = 1(1) r  ;   j = 1 (1) s. 
 
It is clear from here that all balanced data sets are orthogonal as well and some all-cell-filled 
unbalanced data can be orthogonal. However, the data are said to be non-orthogonal if they 
lead to estimates of various effects that are not independent of each other.  Clearly, all some-
cell-empty unbalanced data are non-orthogonal.  These all types of data sets can occur in 
experimental design context as well, for example, the data from a randomized complete block 
(RCB) design is balanced and orthogonal whereas from a balanced incomplete block (BIB) 
design is unbalanced and non-orthogonal. The data obtained from a block design in which 
each of blocks contains some of the treatments once and some of the treatments twice is 
unbalanced and orthogonal. 
 
4. Linear Estimation 
Consider n uncorrelated observations nyyy ,...,, 21  such that  

( ) ( )
nji   ji

 0,)e,eCov  eVareE

exxxy

jiii

ipipiii

,...,2,1,,

(,,0

,...

2
2211
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===

++++=

σ

βββ

                       (7) 

where pβββ ,...,, 21  and 2σ  are unknown parameters. We can express (7) in matrix notation as  

( ) ( ) Ie0e
Xβy

2 , σ==

+=

DE
e

                                                            (8) 

where 
( ) ( ) ( ) ( ) .,...,,,...,,,,...,2,1,,...,2,1,,,...,, 2,2121

′=′====′= n1pijn eee  and   pj  ni x yyy eβXy βββ  
 
Using the principle of ordinary least squares (OLS) we minimize 

( ) ( )XβyXβy −′−=S  
 
Differentiating with respect to β and equating to zero we get the following normal equations. 

yXXβX ′=′  
 
Remark: A system of equations bAz =    will have a solution if b belongs to column space of 
A  i.e. for some  vector t , tAb ′= . In other words, A set of equations bAz =  are consistent, 
if ( ) ( )bAA :RankRank = . 
 
In our case since yX′ belongs to column space of XX′  our system of equations are consistent. 
This set of equations will have unique solution if XX′ is non singular. In that case we have  
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( ) yXXXβ ′′= −1ˆ  and ( ) ( ) 12ˆ −′= XXβ σD  
 
If XX′  is singular then the solution of the equations is obtained using the concept of g-inverse 
of a matrix. If A is nm×  matrix then −A is said to be a g-inverse of a matrix if  

AAAA =− . 
 
In that case a solution (not unique) of normal equations is given by 

( ) yXXXβ ′′= −ˆ  and ( ) ( )−′= XXβ 2ˆ σD  
 
4.1 Estimable Linear Parametric Functions 
Let βp′ be a linear parametric function of the parameters pβββ ,...,, 21 . This linear parametric 
function is said to be estimable if there exists a linear function of observations yl′  such that 

( ) βpyl ′=′E . 
 
4.2 Properties of Least Squares Estimators 

i) If a linear parametric function βp′  is estimable, its least square estimator is  βp ˆ′  
where β̂  is any solution of normal equations. 

ii) If a linear parametric function βp′  is estimable its least square estimator is  βp ˆ′  is 
linear in y and is unbiased if βp ˆ′  is unique for all solutions of β̂  i.e.  

( ) ( )XXXp ′⇔′∈ ηη  i.e  βp′  is estimable if and only if for some column vector λ , 
XλXp ′= . 

iii) If βp′  is estimable, its least square estimator βp ˆ′ has the smallest variance in the class 
of all linear unbiased estimators of βp′ . We call βp ˆ′ as best linear unbiased estimator of  
βp′ . 

Before proceeding further we state some results on quadratic forms. 
 
4.3 Some Results on Quadratic Forms 

1. For any vector x and a matrix A such that ( ) µx =E and ( ) Vx =D  
( ) ( ) AµµAVAxx ′+=′ traceE  

 
2. If ( )nnN Iµx 2,~ σ , then 

( ) ⎟
⎠
⎞

⎜
⎝
⎛ ′′

′
AµµAAxx

2 2
1,~ 2 Rankχ

σ
 if and only if A is idempotent. 
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4.4 Estimation of 2σ  
 2

0R  the residual sum of squares is given by 

( ) ( )
( ) ( )

( )( )
Myy

yXXXXIy

βXyβXy

XβyXβy

′=

′′−′=

−′−=

−′−=
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ˆ ˆ      

 min2
0R

 

It can be seen that M is idempotent with rank )( rn − where r is rank of X. 
 
Now 

  

( ) ( )
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( )rn
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There fore  ( )rn
R
−

=
2
02σ̂  is an unbiased estimator of 2σ . 

 
5. Testing of Hypothesis 
For testing the hypothesis we assume that ( )IXβy 2,~ σN .   Let βHβHβH 21 k′′′ ,...,,  be a set of 
estimable k linearly independent parametric functions. Let the hypothesis under consideration 
be 00 : θβH =′H , where ( )k21 HHHH ′′′= ,...,,  and ( )k

0
2
0

1
00 ,...,, θθθθ = . Let 2

1R be the 
residual sum of squares under the hypothesis H0  and is given by 

( ) ( ) 0
2

1  subject to, min θβHXβyXβy =′−′−=R . 
 
Then a test for testing the hypothesis H0   based on statistic F is given by 

( )
( )rnR

kRR
F

−
−

= 2
0

2
0

2
1  

 
Under H0 the statistic F has a central F - distribution with k and (n-r) degrees of freedom. We 
reject H0  if  F> ( )rnkF −,;α  where  ( )rnkF −,;α   is the upper α % point of the F – 
distribution on k and (n-r) degrees of freedom. 
 


